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Introduction to PCA

e Principal Component Analysis is a fundamental technique for
dimensionality reduction

e |ttransforms large datasets into lower-dimensional representations
while aiming to preserve a maximal amount of information

e Statistical genomics: eigenvectors from PCA are routinely used to adjust
and correct for population stratification



Limitations of PCA

Classic PCA eigenvectors are typically dense, which can make them
difficult to interpret

In high-dimensional settings (many features, few samples), sparsity-
Inducing methods are needed to "improve estimation accuracy" and
provide "better interpretable eigenvectors through variable selection”



The Penalized Eigenvalue Problem (PEP)

e Jo address the issue of dense eigenvectors, the PEP reformulates the
computation of the first eigenvector as an optimization problem

v=argmax v' Qv  subjectto v'Cv <1,
velR?

e Enforces sparsity via a LASSO-type L1 penalty
V) = arg max [vTQv - k||z,v||1]

RHES

Key challenge: the L1 penalty is non-differentiable



Proposed Solution: Smoothed PEP

The primary contribution of this paper is the application of smoothing to the original
LASSO-type L1 penalty within the PEP framework

e How smoothing works: a smooth surrogate is used instead of the non-differentiable
L1 norm

e Smoothed absolute value function, derived from an entropy-prox function:

B L
fJ“(z) = ulog (56 2/ . 56’”/“> ;

e Proposed smoothed penalized eigenvalue problem (PEP)::

. -
vt =arg max [v' Quv—A Z [ (i)
1=1

CHIE




Computing Higher-Order Eigenvectors & Enforcing Sparsity

e Higher-order eigenvectors are calculated using Singular Value
Decomposition (SVD) and deflation, where the leading eigencomponent
IS subtracted to reveal subsequent eigenvectors

e \We then use an iterative solving approach, which enhances numerical
accuracy by starting with a large smoothing parameter and gradually
decreasing it

e Sparsity is then enforced through thresholding (smoothed PEP solutions
are not inherently sparse)



Experimental Studies

1. Population Stratification on 1000 2. Polygenic Risk Score Application
Genomes Project Data (SARS-CoV-2 Mortality)
3. Clustering in Iris Benchmark 4. Comparison with State-of-the-

Dataset Art Sparse PCA Algorithms
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Results: Population Stratification

Unsmoothed PEP
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Shows good stratification for A=0, 1, and 10, but discernibility decreases

significantly at A=100.
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Shows good stratification for A=0, 1, and 10, but discernibility decreases Maintains good stratification across all penalty values, with clearer clustering

significantly at A=100. even at A=100, demonstrating enhanced performance.



Results: Population Stratification

A
N Model 0 | 10 100
Within sum of squares o
Unsmoothed PEP 1.6654 1.6702 1.7244 1.8839
Smoothed PEP 1.6621 1.6626 1.6665 1.6910
A
Between sum of squares ~ Mod . ' 2 i
Unsmoothed PEP 0.1278 0.1231 0.0912 0.0770
Smoothed PEP 0.1334 0.1313 0.1149 0.0531
A
. Model 0 1 10 100
Average silhouette score -
Unsmoothed PEP —0.0459 —0.0475 —0.0610 —0.2066
Smoothed PEP —0.0175 —0.0183 —0.0257 —0.0828




Experimental Studies!

1. Population Stratification on 1000 2. Polygenic Risk Score Application
Genomes Project Data (SARS-CoV-2 Mortality)
3. Clustering in Iris Benchmark 4. Comparison with State-of-the-

Dataset Art Sparse PCA Algorithms



Results: Polygenic Risk Scores for Covid Mortality
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Results: Iris Benchmark Dataset Clustering
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Results: Comparison with Sparse PCA Algorithms

Table 4 Cosine similarity between the computed leading eigenvector from each sparse PCA algorithm and the true (planted) leading eigenvector

as a function of the matrix dimension » and the sparsity level p (proportion of zeros) Table 5 True Positive Rate measuring the proportion of correctly identified nonzero elements in the estimated eigenvector for each sparse PCA
method as a function of the matrix dimension » and the sparsity level p (proportion of zeros)

n Sparsity p  Cosine similarity
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Table 6 False Positive Rate measuring the proportion of falsely identified nonzero elements for each sparse PCA method as a function of the matrix
dimension n and the sparsity level p (proportion of zeros) Table 7 Elapsed compute times (in seconds) for each sparse PCA algorithm as a function of the matrix dimension n and the sparsity level p
(proportion of zeros)

n Sparsity p Support recovery (False Positive Rate)
Journee6 Aspremont2 Jung2 Gaynanoval Song4 Zhangl ShenT Smoothed PEP n Sparsity p Elapsed time (seconds)
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Conclusions

e Our goal was to address the numerical difficulties arising from the
non-differentiability of the L1 penalty in PEP by applying smoothing

e Our proposed smoothed PEP retains clear population stratification,
Increases numerical stability, and obtains meaningful eigenvectors

e [t also increases prediction accuracy in polygenic risk scores and
enhances discernibility of clusterings

e |n comparison studies, the smoothed PEP consistently demonstrates
high accuracy, state-of-the-art support recovery, and fast runtime!



Future Directions

e R package SPEV!

e Developing a rigorous theoretical proof demonstrating the increased
numerical stability of smoothed PEP

e Conducting further experiments on genomic data, potentially identifying
new associations not detectable with ordinary principal components
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